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Abstract: The aim of the present paper is to evaluate new relations using Pathway integral operator
onMittag - Leffler type functions with two Fractional orders. Each order plays an important rule while
modeling for instance problems with two layers with different properties. The formulas established here are
basic in nature and are likely to find useful applications in the field of science and engineering. Pathway
integral operator generalizes the classical Riemann — Liouville fractional integration operator, and when
a — 1 it reduces to the Laplace integral transform.
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1. Introduction and Preliminaries

Several definitions of operators of classical and generalized fractional calculus are
already well known and widely used in the applications to mathematical model of
fractional order. The most popular one, we are based on here, is the so-called Riemman
— Liouville fractional integral (see for example the encyclopedia of fractional calculus
by Samko — Kilbas — Merichev [16]). As operator of classical fractional calculus, also
the Erdélyi — Kober operators are well known (cf. [16], Kiryakova [20]; Kober [11],
Erdélyi [2], see also [17]). Here we introduce a fractional integration operator, which
may be regarded as an extension of the left — sided Riemann — Liouville fractional
integral operator. We propose some result for Pathway integral operator, including the
Mittag — Leffler function, Mittag — Leffler type function, generalized function
G, , laz] definedin [14].

Let us recall the definition of left sided Riemann — Liouville fractional integral operator.
Letf(x) € L(a, b), then

(12 1) (x) - F(la)j(x"”(;za dt, (« < C, Re(a) > 0) (L)
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For more details, see [16], [20], [1], and other books on fractional calculus.

If f(t) is replaced by t¥ f(t)in (1.1), the above operator turns out to be the Erdélyi —

Kober fractional integral; if it is replaced by , (77+ﬂ -7n; 1——jf(t) then (1.1)

takes the form of the Saigo hyper geometric fractional integral, see e.g. [15]:

F(n)

= j(x — )1t . F (77+,6’,—}/;77;1—§jf(t) dt, ..(1.2)
0

Many other operators of generalized fractional calculus can be obtained if on the place
of f(t)one can use ¢ (t)f (t)with a suitably chosen special functiong(t).

Definition 1.1: The special functions G, , [a, z]

The special G and R-functions are defined by [8, p. 15, egn. (101); 9, p.1, eqgn. (1.2)]:

G [a z]=z7tS NCE) "Re(pr=n)>0 (111
p,r],r[a Z] nzr pn+pr_77) e(pr 77)> ( )

where (r), is the Pochhammer symbol (cf.[13, p. 2 and p. 5]) :

_I'(r+n)
(r)n - W;
(r)y=1, (r),=(r)(r+1)..(r+n-1),(n=12,..); ..(1.1.2)

Definition 1.2: The generalized Mittag-Leffler function

In 1971, Prabhakar (1971) introduced the generalized Mittag-Leffler function E’ (z)
(see [3], [14]):
) k

ZO - pk +u) O ..(1.2.1)
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(p. 11, 7 € C, Re(p) > 0,Re(B) > O,Re(y) > 0)

whereat y =1, E; , (z) coincides with the classical Mittag-Leffler function EN(Z) and

z

in particular Elvl(z):e and when p=1 it coincides with Kummer’s confluent

hypergeometric function ¢(7; u ;z) with the exactness to the constant multiplier

[T ()]

In 2007, Shukla and Prajapati (2007) (cf. [4]) introduced the function E’: ?,( ) which is

defined for p, u, ¥ € C, Re(p) > 0,Re(B) > 0,Re(y) > 0and ge(0,1) U Nas

k

o0

EyOI ...(L.2.2
kz r( pk+,u)k ( )

In 2009, Tarik O. Salim (2009) (cf. [18]) introduced the functionEZ? (z), which is

defined for p, u, 7,6 € C; Re(p) > 0,Re(f) > 0,Re(y) > 0,Re(5) > Oas

E’°(z) = i‘; P ( ) (5) ..(1.2.3)

In 2012, a new generalization of Mittag — Leffler function was defined by Salim (2012)

(cf. [19]) as

..(1.2.4)

Where p, 1, 7,6 € C; min(Re(p), Re(3),Re(r),Re(5))> 0.
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Definition 1.3: The Pathway fractional integration operator

Let f(x) € L(a,b),p € C,Re(p) > 0,a > 0 and let us take a pathway parametera < 1.
Then the pathway fractional integration operator, as an extension of (1.1), is defined and

represented as follows (see [17, p. 239]):

t

a(l-a) P
(RO )y =t f [1 - Mll_a F(r)dr, . (13.1)
0

t

Where L(a, b)is the set of Lebesgue measurable functions defined on(a, b).

The pathway model is introduction by Mathai [5] and studied further by Mathai and

Haubold [6], [7].

Definition 1.4: The generalized Wright’s function is defined as follows (see, e.g. [10]):

= .. (1.4.2)

where the coefficients A, A, and B,...,B, are positive real numbers such that

Required Result: The following formula is required (see [17, eq. (12)])

(paa)(,p-1) _ _ tP*F rer(1+%)
R [a(l-a))f r(:2+p+1)’ ..(1.4.2)
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Where @ < 1; Re(p) > 0; Re(B) > 0.
2. Pathway Fractional Integral of Generalized Functions

In this section we establish some knew compositions of the pathway fractional integral

given by (1.3.1) with Generalized function G

nur L6 Z]given by (1.1.1).

Theorem 2.1: Lety,u,r,p€C,a>0,c €R,p>0,Re(n) >0,Re(u) > 0,Re(r) >

0 and a < 1. Then we have the following relation:
P(p'a'a){G [ ]}
0+ nurlCZ

2T —H+p [‘(1+—) (r2); yA !

a

. 1V P
"~ [a(1—a)]7 ~H I(r) (Ur ﬂ+1+1 777j a(l_a)

. (2.1.1)

Proof. To prove the relation in (2.1.1), we denote left — hand side of the relation by
Ali. e.

A= PE*(G, 0 lc, 2])

Now using the definition (), we get

A, = P(p ,a,a) 77T—,u—1 (r)n (Czn)n
! — Fmm +nr — p) n!

o0 (Mnc® ,a,a S
= S0 T e R g e .(212)
By using the well — known relationship between the Beta function and the Gamma
function (ef. [12, pp. 9-11] and [13, pp. 7-10]), it is easy to find the following formula
(see also [17, eq. (12)]):

w8 TR (1+22)

[a(1—a)]F ( P +,8+1)

R0} =
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Here, using (1.4.2) with S replaced by nn + nr — u to the pathway integral and after a
simplification, we get

i (r)ncnr (1 + 1— £ a) ZT)n+7]T+p—y
= nn tgr—p+ 1L + 1) o1 [a(1 = a)]m+nr—n

71T +p ”F(1+—)Z T(r+n) (czM™
[a(l—a)]T —# n=0 (nn+nr—u+1i;a+1)n![a(l—a)]ﬂ"l‘(r)

..(2.1.3)

Now in view of the result (1.4.1) therein, we at once arrive at the desired result in
(2.1.2).

3. Pathway Fractional Integral of Generalized Mittag — Leffler Functions

Theorem 3.1: Letn,u,y,p, A€ C,a>0,c ER,p >0,

Re(m) > 0,Re(u) > 0,Re(y) > 0,Re(1) >0, >0and a <1, q€ (0,1) UN. Then

we have the following relation:

A DY

zP 14 F(1+ p ) (Vvq)v(ﬂwﬂ); 7 /
= —— L, | (), A ..(3.1.1)
[a(1-a)]* T'(y) (1+/1+1+a ,ﬂj, a(l—)

Proof. To prove the relation in (3.1.1), we denote left — hand side of the relation by
Azi. e.

A= P(p o a){Zl_lE,’;ﬁ (cz?)}
Now using the definition (1.2.2), we get

AZ — Po(ﬁ,a,a) {Zl_l (Y)qn (czﬁ )n}

~ I'(mn + w) n!

IJSER © 2017
http://www.ijser.or


http://www.ijser.org/

International Journal of Scientific & Engineering Research Volume 8, Issue 7, July-2017 772
ISSN 2229-5518

z _ Mgne” paa){ pr+i=1}
— T'(nn + ) n! For

By using the well — known relationship between the Beta function and the Gamma
function (ef. [12, pp. 9-11] and [13, pp. 7-10]), it is easy to find the following formula
(see also [17, eq. (12)]), i.e.:

ot TR (1+12)
A=AV r(Z_+p+1)

R (71) =

Here, using (1.4.2) with S replaced by fn + A to the pathway integral and after a
simplification, we get

. i Pgne™T (1+ )F(ﬁn +2) g
© Lrmn+ Wr (Bn + 2+ 72— +1) mla@ - )™
(1442 )i [(y + qu)L (A + fn) (czf)"
- [aQ-VTG) LZrgu+nr (Bn+ 2+ L= +1) mla@ -l

Now in view of the result (1.4.1) therein, we at once arrive at the desired result in
(3.1.2).

Theorem 3.2: Letn,u,y,8,p,A€C,a>0,c ER,p >0,

Re(m) > 0,Re(u) > 0,Re(y) > 0,Re(6) > 0,Re(1) > 0,8 >0and a < 1. Then we

have the following relation:
(p.a,a)( _A—1 v,
Fox {Z EV (Czﬁ)}

2P+ T (14221 (6) (7)), (4, 5).@D); 7
ad—o Iy 73 ('“’77)’[1+/1+L ﬂj GOl oM N
1+a'” )7 all-a)

..(3.2.1)
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Proof. To prove the relation in (3.2.1), we denote left — hand side of the relation by
Agi. e.

Az= P(paa){z/1 1Ey (cz?)}

Now using the definition (1.2.3), we get

A, = P(p,a,a) Z,1_1 (y)n(czﬁ)n
e — T(n + 1) (8),

= nc” (p,a,a){zﬁn +/1—1}
CTOm+ W (), O

By using the well — known relationship between the Beta function and the Gamma
function (ef. [12, pp. 9-11] and [13, pp. 7-10]), it is easy to find the following formula
(see also [17, eq. (12)]), i.e.:

w48 T(B)T (1 - a)

(p.2) _
R = e r(iEs+p+1)

Here, using (1.4.2) with S replaced by fn + A to the pathway integral and after a
simplification, we get

i Mac™T (14 72=)T(Bn +2) iy

F(mn +p) F Bn +1+ 1L + 1) (8), [a(l — a)]p+

I (142 TO) D I(y + )I(A + BT(L +n) (cz#)"
[al =)P'T() &1 +n)I(u+nn) T (ﬁn +A+E—+ 1) ntla(l — a)]Pn

Now in view of the result (1.4.1) therein, we at once arrive at the desired result in
(3.2.2).

Theorem 3.3: Letn,u,y,8,p,A€C,a>0,c ER,p >0,

min(Re(n) > 0,Re(u) > 0,Re(y) > 0,Re(6) > 0,Re(1) >0),8>0and a < 1.

Then we have the following relation:
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Po(i'a'a){z’1 Lgréa (czﬂ)}

mwp
ZP*A T (1+ )F(5) (}/yQ) (/1 ﬂ) (11) Z ’
T e@-F T ”@(“”)@+l+ ﬂ]wwn a(l—a)
.(33.0)

Proof. To prove the relation in (3.3.1), we denote left — hand side of the relation by
Agi. e.
As= POV 1E 09 (1))

Now using the definition (1.2.4), we get

%) B\n
— paxa)) _1-1 (V)qn (CZ )
As= Py, {Z ZO Fom + 0@y

N N (gnc” (p.a.a)(, fn+i—1
‘Z Gt 0@y, 0 )

By using the well — known relationship between the Beta function and the Gamma
function (ef. [12, pp. 9-11] and [13, pp. 7-10]), it is easy to find the following formula
(see also [17, eq. (12)]), i.e.:

ot TR (1+12)

e~V (L +p+1)

Ry} =

Here, using (1.4.2) with g replaced by fn + A to the pathway integral and after a
simplification, we get

i gne™T (1+ 1#) r(Bn + ) I,
o T+ W) F ﬁn +A+E—+ 1) (8),, [2(1 — )P+

ZPHF (1 TI= ) (8 < Z T'(y + gn)T(A + pn)T(1 + n) (czP)"
[a(l —V'TG) &1 +pmF(u+nn) T (,Bn +A+ %a n 1) ntla(l — a)]fr

1
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Now in view of the result (1.4.1) therein, we at once arrive at the desired result in
(3.3.2).
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